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Abstract. The large amount of association rules resulting from a KDD
process makes the exploitation of the patterns embedded in the database
diﬃcult even impossible. In order to address this problem, various interestingness measures were proposed for selecting the most relevant rules.
Nevertheless, the choice of an appropriate measure remains a hard task
and the use of several measures may lead to conﬂicting information. In
this paper, we propose a uniﬁed framework for a set of interestingness
measures M and prove that most of the usual objective measures behave in a similar way. In the context of classiﬁcation rules, we show that
each measure of M admits a lower bound on condition that a minimal
frequency threshold and a maximal number of exceptions are considered.
Furthermore, our framework enables to characterize the whole collection
of the rules simultaneously optimizing all the measures of M. We ﬁnally
provide a method to mine a rule cover of this collection.

1

Introduction

Exploring and analyzing relationships between features is a central task in KDD
processes. Agrawal et al. [1] deﬁne association rules as the implications X → Y
where X and Y represent one or several features (or attributes). However, among
the overwhelming number of rules resulting from practical applications, it is
diﬃcult to determine the most relevant rules [9]. An essential task is to assist
the user in selecting interesting rules. In this paper, we focus on classiﬁcation
rules i.e. rules concluding on a class label. These rules are useful for producing
emerging patterns [5], characterizing classes [4] and building classiﬁers [10].
This paper is about the use of interestingness measures for classiﬁcation rules.
Such measures are numerous. The Support and the Conﬁdence measures are
probably the most famous ones, but there are more speciﬁc ones such as the
Lift [3] or the Sebag and Schoenauer’s measure [14]. In practice, choosing a
suitable measure and determining an appropriate threshold for this measure is
a challenge for the end user. Combining results coming from several measures
is even much more diﬃcult. Thus an important issue is to compare existing
interestingness measures in order to highlight their similarities and diﬀerences
and understand better their behaviors [13, 2]. Even if most of the usual measures
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are based on the rule antecedent frequency and the rule number of exceptions,
there is a lack of generic results and this observation was the starting point of
this work.
Contributions. In this paper, we design an original framework grouping together
a large set M of measures (also called δ-dependent measures) having a similar
behavior. This framework points out the minimal frequency threshold γ and the
maximal number of exceptions of a rule δ as two parameters highly characterizing
the rule quality. We provide lower bounds according to γ and δ for any measure
in M. This result guarantees a minimal quality for the rules. We show that all
the measures M can be simultaneously optimized, which ensures to produce the
best rules according to these measures. We ﬁnally provide a method to mine a
rule cover of these rules, making our approach eﬃcient in practice.
Organization. The paper is organized as follows. Section 2 discusses related work
and gives preliminary deﬁnitions. Section 3 describes our framework and the
relationship with the parameters γ and δ. Section 4 shows how to optimize the
measures M and obtain a rule cover of all the rules optimizing simultaneously
these measures. Section 5 gives experimental results about the quality of the
mined rules.

2
2.1

Preliminaries
Covering and Selecting the Most Interesting Rules

Lossless cover. It is well known that the whole set of association rules contains a
lot of redundant rules [1]. So several approaches propose to extract a cover of the
rules [19] like the informative rules [11]. Such a rule has a minimal antecedent
and a maximal consequence. They are lossless since we can regenerate the whole
set of rules according to both minimal support and conﬁdence thresholds. In
Section 4.3, we extend this result by proving that the informative classiﬁcation
rules are a cover of all the rules optimizing simultaneously the measures M.
Deﬁciencies in selecting the most interesting rules. A lot of works address the
selection of relevant rules by means of interestingness measures. It requires to deﬁne properties characterizing “good” interestingness measures [9, 12]. PiatetskyShapiro [12] proposes a framework with three properties and we set our work
with respect to it. Other works compare interestingness measures to determine
their diﬀerences and similarities, either in an experimental manner [16] or in
a theoretical one [15, 7]. There are also attempts to combine several measures
to beneﬁt from their joint qualities [6]. However it should be underlined that
choosing and using a measure remain a hard task.
This paper deals with the previously mentionned aspects of the rule selection
problem. By deﬁning a large set of measures M behaving in a similar way,
choosing one of these measures becomes a secondary issue. We intend to exhibit
the minimal properties that a measure must satisfy in order to get the most
generic framework. We combine their qualities by showing that they can be
simultaneously optimized. To avoid redundancy, we give a method to produce
only a cover of the rules optimizing M, i.e. the informative classiﬁcation rules.
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Deﬁnitions

Basic deﬁnitions. A database D is a relation R between a set A of attributes
and a set O of objects: for a ∈ A, o ∈ O, a R o if and only if the object o
contains the attribute a. A pattern is a subset of A. The frequency of a pattern
X is the number of objects in D containing X; it is denoted by F(X). Let
C = {c1 , . . . , cn } be a set of class values. Each object in D is assigned a class
label in C. Di corresponds to the set of the objects labeled by ci . Table 1 shows
an example of database containing 8 objects and two labels c1 and c2 .
Table 1. An example of database D
D
Objects
o1
o2
o3
o4
o5
o6
o7
o8

A
1
0
1
1
0
1
0
1

B
0
1
0
0
1
0
1
0

Attributes
C D E F
1 0 1 0
1 0 1 0
1 0 1 0
1 0 1 0
1 0 1 1
0 1 0 1
1 0 1 1
1 0 0 1

G
1
1
0
0
0
0
0
0

H
0
1
1
1
0
1
1
1

Classes
c1 c2
1
0
1
0
1
0
1
0
0
1
0
1
0
1
0
1

D1

D2

Classiﬁcation rules. A rule r : X → ci where X is a pattern and ci a class
label is a classiﬁcation rule. X is the antecedent of r and ci its consequence.
F(Xci ) is the frequency of r and F(X) the frequency of its antecedent. For
instance, r1 : F → c2 and r2 : EH → c1 are classiﬁcation rules in D (cf. Table
1). F(X) − F(Xci ) is the number of exceptions of r, i.e., the number of objects
containing X which are not labeled by ci . The rule r2 admits 1 exception (object
o7 ) and the frequency of its antecedent is equal to 4.
Evaluating objective measures. An interestingness measure is a function which
assigns a value to a rule according to its quality. We recall here the well-known
Piatetsky-Shapiro’s properties [12] which aim at specifying what a “good” measure is. As this paper focuses on classiﬁcation rules, we formulate them in this
context.
Deﬁnition 1 (Piatetsky-Shapiro’s properties). Let r : X → ci be a classiﬁcation rule and M an interestingness measure.
– P1: M (r) = 0 if X and ci are statistically independent;
– P2: When F(X) and |Di | remain unchanged, M (r) monotonically increases
with F(Xci );
– P3: When F(Xci ) and F(X) (resp. |Di |) remain unchanged, M (r) monotonically decreases with |Di | (resp. F(X)).
P2 ensures the increase of M with the rule frequency. Most of the usual measures
satisfy P2 (e.g., support, conﬁdence, interest, conviction). However, there are a
few exceptions (e.g., J-measure, Goodman-Kruskal, Gini index). In the next
section, we will use P2 to deﬁne our framework.
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A Uniﬁed Framework for Objective Measures

This section deﬁnes our framework gathering various measures in a set M. The key
idea is to express a measure according to two parameters: the minimal frequency γ
for the rule antecedent and the maximal number of rule exceptions δ. Then, we
formalize the inﬂuence of δ by associating a δ-dependent function to each measure.
3.1

Dependency on the Parameter δ

Deﬁnition 2 indicates that a measure M can be expressed as a two-variable
function of the rule frequency and the frequency of its antecedent.
Deﬁnition 2 (Associated Function). Let M be an interestingness measure
and r : X → ci a classiﬁcation rule. ΨM (x, y) is the function associated to M
i.e. it is equal to M (r) where x = F(X) and y = F(Xci ).
y
i|
For instance, when M is the Growth Rate, we obtain: ΨGR (x, y) = x−y
× |D\D
|Di | .
Using ΨM , the Piatetsky-Shapiro’s properties P2 and P3 (cf. Section 2.2) can
be formulated as: “ΨM monotonically increases with y” and “ΨM monotonically
decreases with x”.

Figure 1 plots F (Xci ) according to
F (X) for a classiﬁcation rule r : X →
ci . The gray area depicts the condition
imposed by γ on the rule antecedent.
The hatched area of width δ illustrates
the link between the variables x =
F (X) and y = F (Xci ) of ΨM : bounding the rule number of exceptions by δ
ensures that F (Xci ) is close to F (X).
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δ
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Fig. 1. Dependency between x = F (X) and y = F (Xci )

Deﬁnition 3 explicitly expresses this link by deﬁning the now called δ-dependent
function ΨM,δ .
Deﬁnition 3 (δ-dependent function). Let M be an interestingness measure.
The δ-dependent function ΨM,δ is the one-variable function obtained by the
change of variable y = x − δ in ΨM i.e., ΨM,δ (x) = ΨM (x, x − δ).
Pursuing the example of the Growth Rate, we get: ΨGR,δ (x) =
3.2

x−δ
δ

×

|D|−|Di |
|Di |

The Set M of δ-Dependent Measures

We think that the link between F(Xci ) and F(X) highlighted above is an important feature when studying the behavior of an interestingness measure M .
That is the reason why we propose a new Property P4 which takes this link into
account. P4 imposes that M increases with the variable x of ΨM,δ .
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Deﬁnition 4 (P4 : Property of δ-dependent growth). Let M be an interestingness measure. When δ remains unchanged, ΨM,δ increases with x.
Table 2. Examples of δ-Dependent Measures
Measure

Definition for
classification rules

Lower bound

F (Xci )

γ−δ

Support

|D|
F (Xci )

Confidence
Sensitivity
1−

Specificity

Laplace (k=2)
F (Xci )

Conviction

Information Gain

×



|Di |
δ

|D| − |Di |
γ − 2δ − |Di |
|D|

(1 −

δ

)×

γ
|Di |

|D|

|Di |

1
) − δ] ×
|D|
|D|
γ−δ+1

[γ × (1 −

F (X) + 2
|D| − |Di | − F (X) + F (Xci )

[

|Di | − F (Xci )
|D| − |Di |
×
F (X) − F (Xci )
|Di |
F (Xci )

Jaccard

Certainty Factor

1+

F (X) − F (Xci )
F (Xci )

Sebag & Schoenauer

Added Value

1−

|Di | × F (X)
F (Xci )
|Di | × F (X)
−
|D|
|D|2
F (Xci ) + 1

Piatetsky-Shapiro

φ-coefficient

|Di |
F (X) − F (Xci )

|D|
|D| × F (Xci )

Lift

Growth rate

γ
γ−δ

|D| − |Di |
|D| − |Di | − F (X) + 2F (Xci )

Success Rate

Odds ratio

|D|
δ

1−

F (X)
F (Xci )

γ−δ
|Di | − γ + δ
γ−δ
δ

γ+2
|D| − |Di | − δ

]×[
×

|Di |
γ−δ

F (X) − F (Xci )
F (Xci )

δ
γ−δ

|Di | + F (X) − F (Xci )
F (X)
|D| − |Di |
×
|D|
F (X) − F (Xci )
|D| × F (Xci ) − |Di | × F (X)

|Di | + δ
γ
|D| − |Di |
×
|D|
δ
γ × (|D| − |Di |) − δ × |D|

F (X) × |Di | × (|D| − F (X)) × (|D| − |Di |)
|Di |
F (Xci )
−
F (X)
|D|
F (Xci ) × |D| − F (X) × |Di |
F (X)
 × (|D| − |Di |)
F (Xci )
|D|
×
F (X)
|Di |

log



]

δ
|D| − |Di |

γ × (|D| − γ) × |Di | × (|D| − |Di |)
|Di |
γ−δ
−
γ
|D|
γ × (|D| − |Di |) − δ × |D|
γ × (|D| − |Di |) 
γ−δ
|D|
×
γ
|Di |

log

We claim that P4 captures an important characteristic of an interestingness
measure M : the behavior of M with respect to the joint development of the
rule antecedent frequency and the rule number of exceptions. This characteristic
is not found in Piatetsky-Shapiro’s framework. Table 2 provides a sample of
measures fulﬁlling P4 (see their deﬁnitions in [15, 17]).
We deﬁne now the set M of δ-dependent measures:
Deﬁnition 5 (M : Set of δ-dependent measures). The set of δ-dependent
measures M is the set of measures satisfying P2 and P4.
Deﬁnition 5 does not require a δ-dependent measure to also satisfy P1 or P3.
Remember that our aim is to deﬁne the most generic framework. Contrary to
P2 and P3, P4 does not impose on ΨM,δ to monotonically increase and thus,
the Conviction is a δ-dependent measure. A lot of measures belong to M: for
instance, all the measures in Table 2 are in M. As M is deﬁned in intension,
it is an inﬁnite set. The next section shows how to bound and optimize these
measures.
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Simultaneous Optimization of the δ-Dependent
Measures
Lower Bounds and Optimization

For any measure of M, Theorem 1 explicits a lower bound depending on γ and
δ (|D| and |Di | are constant values).
Theorem 1 (Lower bounds). Let r : X → ci be a classiﬁcation rule. Assume
that F(X) ≥ γ and r admits less than δ exceptions. Thus, for each measure M
in M, ΨM,δ (γ) is a lower bound of M (r).
Proof. Since r has less than δ exceptions, we immediately have F(Xci ) ≥
F(X) − δ. From P2, ΨM (x, y) increases with y and thus ΨM (x, y) ≥ ΨM (x, x −
δ) = ΨM,δ (x). We know that x is greater than or equal to γ and M satisﬁes P4.


Consequently, ΨM,δ (γ) is a lower bound for ΨM,δ (x).
Theorem 1 means that the quality of any rule r whose antecedent is a γ-frequent
pattern and having less than δ exceptions, is greater than or equal to ΨM,δ (γ).
As this result is true for any measure in M, r satisﬁes a minimal quality for
each measure of M, thus we get a set of rules of good quality according to M.
The lower bounds only depends on δ and γ and constant values on D. They can
be computed (see the last column in Table 2) to quantify the minimal quality of
rules. Intuitively, the more the antecedent frequencies increase and the numbers
of exceptions decrease, the higher the global quality of a set of rules is. Due to
the properties P2 and P4 of the δ-dependent measures, for all measures M in
M, ΨM,δ (γ) increases with γ and decreases with δ. Property 1 (proved in [8])
shows that the lower bound of any measure M in M can tend towards its upper
bound. The conjunction of Theorem 1 and Property 1 proves that the rules
with a γ-frequent antecedent and having less than δ exceptions optimize all the
measures in M.
Property 1 The optimal value of ΨM,δ (γ) is obtained when γ → |D| and δ → 0.
4.2

Completeness

Theorem 2 indicates that any classiﬁcation rule r optimizing the set of measures
M (i.e., ∀M ∈ M, M (r) ≥ ΨM,δ (γ)) is a rule whose antecedent is frequent and
having less than δ exceptions.
Theorem 2 (Completeness). Let r : X → ci a classiﬁcation rule. Assume
that M (r) ≥ ΨM,δ (γ) for all measures M in M. Then F(X) ≥ γ and r admits
less than δ exceptions.
Proof. We prove the completeness by reducing it to the absurd. We denote by
Spe the Speciﬁcity and by Sup the Support (see Table 2 for their deﬁnitions).
δ
δ
Assume that r admits δ  exceptions with δ  > δ. We have − |D|−|D
< − |D|−|D
i|
i|
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followed by Spe(r) < ΨSpe,δ (γ), which is in contradiction with our hypothesis.
Thus r has less than δ exceptions.

−δ
Suppose that F(X) = γ  < γ. We have Sup(r) < γ|D|
< ΨSup,δ (γ) and this
is in contradiction with our hypothesis as well. Thus, the antecedent frequency
is greater than γ.


The assumption M (r) ≥ ΨM,δ (γ) for M ∈ {Support, Specif icity} is suﬃcient
to establish this proof. However, it is necessary to assume M (r) ≥ ΨM,δ (γ)
for all measures M in M in Theorem 2 to demonstrate the completeness of
our approach. So, this theorem is the reverse of Theorem 1. Combining Theorems 1 and 2 results in an equality between the set of classiﬁcation rules with a
γ-frequent antecedent and a number of exceptions under δ and the set of classiﬁcation rules r whose value is greater than or equal to the lower bounds for
any measure M in M. Theorem 2 ensures the completeness when mining the
rules optimizing the set M by extracting the classiﬁcation rules according to the
thresholds γ and δ. The next section shows that we can reduce even more the
set of rules to mine without any loss.
4.3

Reduction to a Rule Cover

We have introduced in Section 2.1 the rule cover based on informative rules.
This cover enables to restore the whole collection of association rules with their
exact frequencies and conﬁdence [11]. In this section, we extend this result for
the classiﬁcation rules optimizing simultaneously the measures M. By analogy
with informative rules, we call informative classiﬁcation rule a classiﬁcation rule
having a free1 pattern as antecedent and concluding on a class label. Theorem 3
proves that the informative classiﬁcation rules having γ-frequent antecedents and
less than δ exceptions constitute a cover of the classiﬁcation rules optimizing all
the measures in M.
Theorem 3 (Rule cover). The set of informative classiﬁcation rules having
γ-frequent antecedents and less than δ exceptions enables to generate the whole
set of classiﬁcation rules r with M (r) ≥ ΨM,δ (γ) for each measure M in M.
Proof. Assume that X → ci is an informative classiﬁcation rule and h(X) is the
closure of X (see [18] for a deﬁnition of the closure). From X and h(X), it is
possible to build the set of patterns Y containing X and included in h(X). The
rules Y → ci constitute the whole set of rules optimizing M. We demonstrate
that:
(1) A rule Y → ci optimizes all the measures of M. Due to the properties of the
closure, F(Y ) = F(X) = F(h(X)). Thus, Y is γ-frequent. Moreover, since X
and Y appear in the same objects of D, we have F(Xci ) = F(Y ci ). This ensures
that the rules X → ci and Y → ci have an identical number of exceptions i.e.
less than δ. This proves the ﬁrst point.
1

Free (or key) patterns are deﬁned in [11]. They have interesting properties of minimality in lattices and enable to build rules with minimal antecedents.
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(2) All the rules optimizing M are generated. Suppose the rule Z → ci optimizes
M but is not generated by our method. Let X  be the largest free pattern containing Z. X  → ci is not an informative rule (otherwise, Z → ci would have been
generated) thus we consider two cases: either X  is not frequent but this implies
that Z is not frequent (Contradiction) or X  → ci has more than δ exceptions


and thus, Z → ci has more than δ exceptions as well (Contradiction).
For any classiﬁcation rule r, the cover always contains a rule having the same
quality as r for all the measures in M. As there are eﬃcient algorithms to extract
the free (or key) patterns [11] which are the antecedents of the informative rules,
Theorem 3 is precious to mine in practice the informative classiﬁcation rules. We
have designed the ClaRminer prototype [8] which produces the whole set of
informative classiﬁcation rules.

5

Rule Quality Testing

The aim of the experiments is twofold. We quantify the quality of the rules mined
in practice according to the set of measures given in Table 2 and the reduction
brought by the informative classiﬁcation rule cover. Experiments are carried out
on the MUSHROOM data set from the UCI Machine Learning Repository2 with a
2.20 GHz Pentium IV processor with Linux operating system by using 3Gb of
RAM memory.
Overview of the mined rules. We focus on the quality of the informative classiﬁcation rules with γ = 812 and δ = 40. These values correspond to a relative
frequency of 10% and a relative number of exceptions under 5%. The mining
produces 1598 rules with antecedents containing a maximum of 7 attributes.
Table 3 gives for each measure: its lower bound, the average value and the ratio
avg−ΨM,δ (γ)
(called diﬀerence in Table 3). For instance, the average value for
ΨM,δ (γ)
the set of rules is 0.252 for the Sensitivity (the lower bound is 0.184) and 74.65
for the Sebag & Schoenauer’s measure (the lower bound is 19.3).For the Sebag
& Schoenauer’s measure, the average value is 286.81% above the lower bound.
Remark that the diﬀerence is less important for other measures but the lower
bound for these measures is really close to their maximum. For instance, the difference is 4.3% for the Conﬁdence and the lower bound is 0.951 with an optimal
value equal to 1.
Table 3. Lower bound, average value and diﬀerence (%)
Measure
Lower bound
Average
Difference
Measure
Lower bound
Average
Difference

2

Support Confidence Sensitivity Specificity Success Rate Lift
0.095
0.951
0.184
0.990
0.572
1.835
0.128
0.992
0.252
0.998
0.620
1.958
34.74
4.3
37.33
0.81
8.39
6.70
GR
17.961
71.178
296.29

S & S
19.30
74.654
286.81

Jaccard
0.185
0.252
36.22

PS
0.043
0.063
45.63

Conviction φ-coefficient AV Certainty Factor
9.785
0.289
0.433
0.898
36.901
0.72
0.485
0.984
277.12
28.72
12.01
9.58

http://www.ics.uci.edu/∼mlearn/MLSummary.html

Laplace Odds Ratio
0.950
21.771
0.991
29.603
4.3
35.97
GI
0.607
0.671
10.54
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Table 4. Ratio number of rules/number of informative rules
γ
812 812 812 1500 1500 1500 2000 2000 2000
δ
25
50
100
50 100 200 75 150 300
Ratio 178.8 143.0 110.5 108.4 64.2 50.8 6.8 6.3 8.9

Comparison between informative rules and the whole set of rules. Table 4 shows
that considering only informative rules instead of all the rules optimizing the
measures M signiﬁcantly reduces the number of rules: according to γ and δ, the
cover only contains from 0.6% to 15.9% of the whole rule collection.

6

Conclusions and Future Work

In this paper, we have designed an original framework gathering most of the
usual interestingness measures for classiﬁcation rules. The measures belonging
to this framework are shown to behave the same way and choosing “the” appropriate measure appears to be a secondary issue. We have established that all the
measures of this framework can be simultaneously optimized, thus enabling the
production of the best rules. A cover of these rules can be eﬃciently mined and
experiments indicate that the number of produced rules is signiﬁcantly reduced.
This work could be extended in many directions. We are working on generalizing our framework to any association rule. One key point of our approach
is that the rule consequence is a class label and its frequency is known. The
generalization is not obvious because no information is provided about the consequence frequency when considering any association rule. Another objective is
to automatically determine the couples of parameters (δ, γ) to mine the rules
satisfying measure thresholds ﬁxed by the user to combine the various semantics
conveyed by the measures. A third extension is the study of measures that do
not belong to our framework.
Acknowledgements. This work has been partially funded by the ACI ”masse
de données” (French Ministry of research), Bingo project (MD 46, 2004-2007).
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